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Abstract. We prove that the weakly damped cubic Schrodinger flow in L^(T) 
provides a dynamical system that possesses a global attractor. The proof relies 
on a sharp study of the behavior of the associated flow-map with respect to the 
weak (T)-convergence inspired by TS]. Combining the compactness in i^(T) of 
the attractor with the approach developed in [10], we show that the attractor is 
actually a compact set of iJ^(T). This asymptotic smoothing effect is optimal in 
view of the regularity of the steady states. 



1 Introduction 

The cubic nonlinear Schrodinger equation (NLS) can be derived as an asymp- 
totic model to describe long wave propagation in different dispersive media. 
In some physical contexts, an exterior forcing and damping effects have to 
be taken into account and this can lead to the following cubic NLS equation 

ut + 'yu + iu:i:xTi\u\'^u = f, (1) 

where 7 > is the damping parameter and / is the forcing term. In this 
paper we focus on the case where u{t, x) is a function from M^. x T to C, 
with T = M/27rZ, and / € L^(T) does not depend on time. Also since the 
sign in front of the nonlinear term will not play any role in our analysis, we 
will take the + sign in all this paper. 

It is well-known since the work of Bourgain that ([T]) provides an 
infinite dimensional dynamical system on H^{T) for s > 0. Using an a priori 
estimate in H^(T) related to the energy conservation of the classical cubic 
NLS equation, the existence of a global attractor in (T) can be obtained 
by a standard method (see for instance [22j or [9j where the additional 
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regularity of the attractor is also proved). This method principally contains 
two steps. A first step consists in proving the continuity of the flow-map 
associated with the equation with respect to the weak topology of the phase 
space. This ensures the existence of a compact global attractor for the weak 
topology. The second step uses the argument of Ball [2] to convert the weak 
convergence to the attractor into a strong one. The standard way to prove 
the first step is to use the well-posedness of the equation in a larger function 
space where the phase space is compactly embedded (cf. for instance [6J). 
This approach cannot be applied to ([I]) in L^(T) since the well-posedness of 
this equation is not known in such a space. Actually, the strong ill-posedness 
of the classical cubic NLS equation in H'^{T), s < 0, has been even proved (cf. 
[5], [IBj). In ^12j Goubet and the author used another approach involving 
the so called Kato local smoothing effect for ([T]) on M to establish the weak 
continuity of the flow-map in L^(M). The situation in L^(T) seems more 
complicated since, as was shown in [18], the flow-map of the classical cubic 
NLS equation is discontinuous for the weak topology of L^(T). Note however 
that the result in [18j shows that the flow-map associated with the modified 
Schrodinger equation (see ()16l below) introduced by Christ [1] is continuous 
for this weak topology. Let us mention here that the well-posedness of 
the modified NLS equation in a function space where L^(T) is continuously 
(but not compactly) embedded is obtained in [1] (see also [13] for a related 
result). Using results of pS], we clarify some behaviors of the flow- map 
of ([T|)with respect to the weak L^(T)-convergence. From this information 
supplemented with the argument of Ball we deduce the existence of a global 
attractor in L^(T). Finally, combining the approach developed in [9|-jl0j 
with the compactness of the attractor, we prove that the global attractor 
actually belongs to H'^(T) which can be viewed as an asymptotic smoothing 
effect. This smoothing effect is optimal since for / belonging to L^(T) but 
not to H^{T), with s > 0, the steady state to ([I]) does not belong to H^{T) 
for s > 2. 

Denoting by S{-) the nonlinear group associated with ([T]), i.e. S{t)uo := 
u{t), t G M, where u is the solution of ([1]) associated with the initial data 
uq, our main result is as follows : 

Theorem 1.1 The nonlinear group S{-) associated with ^^ provides an 
infinite- dimensional dynamical system in L^(T) that has a global attractor A 
which is a compact set of H-^iT). More precisely, A is a connected and com- 
pact set of H'^(T), invariant (positively and negatively) by S{-) that attracts 
for the L'^ (T) -metric all positive orbits uniformly with respect to bounded 
sets of initial data in L^(T). 
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Remark 1.2 Exactly the same proof as in Section 5 below shows that the 
L^(M) global attractor to ([ip on the line, that was constructed in JigJ /. is 
actually a compact set of H^' 



The main new ingredient for proving Theorem 11.11 is the fohowing result 
on the behavior of the flow-map of ([T]) with respect to the weak L^(T)- 
convergence. 

Theorem 1.3 Let {no,n} be a sequence o/L^(T) converging weakly to uq in 
Lp'iT) and let {n„} be the sequence of the associated emanating solutions of 
the weakly damped cubic Schrodinger equation ([T]j. For any adherence value 
aQ o/ {||uo,n 111,2} there exists a continuous function t 1— > a{t) from M to 
with a(0) = aQ, and a subsequence {un^,} of {u„} such that, for any t € K, 
Unf,{t) converges weakly in L'^{T) to v{t) where v G C(M; L2(T))nL|^^(Mx T) 
is the unique solution to 

I vt + ivxx +7V + i\v\'^v + ^^a{-) - \\v{-)\\l2^v = f 

Remark 1.4 It is worth noticing that this theorem ensures that, in sharp 
contrast with the case on the line (cf. fT^). the flow-map associated with 
^\) is not continuous for the weak topology o/L^(T). Indeed, following J 18^, 
let uq E L'^(T) be different from and let C L^(T) be a sequence such 
that (pn ^ in L^(T) and ||(/'n||^2 27r as n goes to infinity (one can take 
for instance (pn = e*"^j. Setting no,n = uq + (pn, we get that uo^n uq in 
L2(T) and \\ ^o,n||^2 ll'Woll/,2 + 27r as n —>• 00. On account of Theorem LL51 
the emanating solutions Un tend weakly in L^(T) for any fixed t € M to 
satisfying Observe that w = v — u is solution of 

{wt + iwxx + iw + i[\v\^uj + {wu + wv)u^ = - — {a{-) - \\v{-)\\\2 
w{{)) = ^ 

(3) 

Since f(0) = 7^ and a(0) = ||tio||^2 + 27r / 11^(0)11^2 we infer that the 
lP'{T)-norm of the right-hand side of ([^j cannot vanish for small t ^ 0. 
Hence w{t) = is not a solution of (0) and thus v{t) ^ u{t) for small t ^ 0. 
Finally, note that, since L^(T) is compactly embedded in H^{T) for s < 0, 
this proves that (Cp is ill-posed in H^(T) as soon as s < 0. 

This paper is organized as follows. In the next section we introduce some 
notation and the function spaces we will work with. Section 3 is devoted to 



3 



the proof of Theorem 11.31 and Section 4 is devoted to the existence of the 
global attractor. Finally in Section 5 we prove the asymptotic smoothing 
effect. 

2 Function spaces and notation 

When we affirm that a proposition is valid for x+ (respectively x—) with 
X G M, we mean that there exists a small real number e > such that the 
proposition is valid for any real number in the interval Jrr, j; + e[ (respectively 
]x — e,a;[). For (x,y) G R^, x < y means that there exists C > such that 
X < Cy. We will also denote by e any function from M-|- into itself that goes 
to zero at infinity. 

For a 27r-periodic function if, we define its space Fourier transform by 
^(k) := — [ e-'^'' ip{x) dx, VA: G Z , 

and we denote by Pn^ and QnV the L^(T) orthogonal projections on re- 
spectively the space Fourier modes < and > N . 
We denote by V{-) the free group associated with the linearized Schrodinger 
equation, 

The Sobolev spaces H^{T) for 27r-periodic functions are defined as usually 
and endowed with 

llv^lk^m := \\{f^y^{k)\\i2(z) = WJx'Ph^iT), 

where (•) := (1 + | • P)^/^ and jf^(fc) := {ky^{k). 

For a function u{t, j;) on M x T, we define its space-time Fourier transform 
by 

n(r,^) := TtAu)ir,0 ■= — [ e-'^^^+^''K{t,x)dt dx, V(t, A) G M x Z. 

and define the Bourgain spaces X^''^ and X^'^ of functions on M x T respec- 
tively endowed with the norm 

:= W + k^f{kYu\\ 1^(^^.12(2^)) = \\{T)^{kYTt,x{V{-t)u)\\L2(^^.i2(j^)) . 

and 

WAx"-^ ■= \\{t - k'^)''{kyu\\L2(R;i2(z)) = \\{r)''{kyj='t,x{V{t)u)\\L2(^.i2(^z)) ■ 
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Finally, for an open interval / C M we define the restriction in time spaces 
Xj'* of functions on / x T endowed with the norm 

||ii||y6,s:= inf {\\v\\xb,s, v{-) = u{-) on 1} . 

It is worth noticing that the Xj'^ spaces are Hilbert spaces with dual (for 
the L^-duality) Xj " and that for any 6 E [0, 1] it holds 

Moreover, for b > 1/2, X^'^ is continuously embedding in L°°(I; with 
a constant of continuity that depends on b and on |/| the length of /, i.e. 

\\u\\l°-{I;H''{T)) < C{b, |/|)||n||^t,,s, Vn G x'^j'^ (4) 
3 Proof of Theorem D 

Theorem 11.31 is based on the observation made in [18j on the cubic NLS 
equation posed on the one-dimensional torus. We first recall the following 
well-posedness result due to Bourgain ( [3] ) for ([1]) . Let us mention that this 
result was established for the cubic Schrodinger equation without damping 
and forcing but the adaptations for ([T|) are straightforward. 

Theorem 3.1 Let s > 0. For any uq G F'*(T), / G H^{T) and any T > 0, 
there exists a unique solution 



u G L^(] -T,r[xT) 



satisfying inV'{]-T,T[xT). Moreoveru G C([-r, T]; F^(T)) nXj^_/^+^J 
and the map data to solution uq u is real analytic from H'^{T) to C{[—T, T]; ff*(T)). 

Let us recall that this theorem principally use the linear estimates in Bour- 
gain's spaces for the free evolution and the retarded Duhamel operator 

\\V{t)ip\\^b,s < C{T,b)\\ip\\H' ,b eR, s eR,0 <T <1, (5) 
and for any < e « 1 and < T < 1, 

\\ [ V{t-t')g{t')dt'\\^b.s <C{b,e)T^\\g\\^b-i+s,s ,1/2 <b <1, (6) 

Jo ^l-T,T[ ^]-T,T[ 
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as well as the following linear dispersive estimate 

lbllL4(KxT) < lbllx3/8,o, yv G X^/S'O . (7) 

This estimate is proven in |3] for functions on but also holds for functions 
on R X T (See |17) for a shorter proof that works also clearly on M x T ). 
Moreover, according to 0, d?]) ensures that for < T < 1 it holds 

\\V{tMLHyT,TlxT)<T'/'M\L^(^T), V(^GL2(T), (8) 

which gives directly the existence and uniqueness in L^(] — T,T[xT) by 
classical TT* arguments. On the other hand, to prove that u G X^^^^^ one 

has to notice that, applying ([7]) with v, ^ clearly also holds with X^^^'^ 
replaced by X^^^'^. Therefore, 

< 11^11x3/8,0 = IIHIx3/8,o , yv € (9) 

and dZD-dSD yield 

3 

||^ii^t2'ii3llj(^-i/2+,o < |lnj||^i/2,o , £ X^l^^j,^ . (10) 

J ' ^ i=l ^ ' ^ 

Writing the Duhamel formulation of ([T]), using ([5])-® and pUj) and choos- 
ing some small positive real number e, one can eventually derive the key 
estimate: 



|«|Li/2+,o < ||^io||L2(ir) +r°+ 



(II^^ILl/2+,0+7)l!^i|Ll/2+,0 + ||/||L2(T) • (11) 



This leads to the local existence result in X^^'^rj?^. Finally, the fact that the 
time of existence in Theorem 13.11 can be chosen arbitrarly large follows from 
the a priori bound on the L-^(T)-norm of the solution (see p3| ) -p4| ) below). 



Now, let uq E L^(T) and {no,n} C L^(T) be a sequence converging weakly 
to no in L^(T). Note that, from Banach Steinhaus'theorem, {| |no,n| |l2(']i')} is 
bounded in M_|_. It is well-known that the solutions of ([T|), given by Theorem 
m satisfy for all t G M, 

2^ll"lli2(T) +7ll^lli2(Tr) = Re J^fudx (12) 
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By Young's inequality and Gronwall's lemma, we deduce that the L^-solutions 
satisfy for any t G M+, 



L2(T) 



< e 



-7*1 



+ 



1 



-7t 



2 

L2(T)- 



(13) 



Performing the change of variables {t,x) i— > {—t,x) and proceeding as above 
we also infer that for any t G M_ it holds 

e37|t| _ 1 



|n(t)||i2(Tr)<e3^l*l||no||i2(Tr)+ ^2 



2 

L2(T) 



Therefore, from (|12p . we deduce that for any {tQ,ti) G M? with ti > 



Hti)\\ 



Wo)\\ 



Ll 



27 



ti 



KWIli2(T)^^ + 2Re 



< t 



1 - 
1 

+- 

7 



io 



to I 



37 e' 



=37|ti|| 



^o|li2(T) 



io Jf 



fu{T)dx dr 
- 1 



2 

L2(T) 



2 

L2(T) 



(15) 



Denoting by n„ the solution to ([I]) associated with the initial data Mo,n! this 
last inequality ensures that the sequence {t 1— > ||w„(t)|||2(']r)} is uniformly 
equi-continuous on any bounded interval of M. It follows from Ascoli's the- 
orem that there exists a subsequence {t 1— > ||'U„j.(t)||^2(']i')} ^^^^ converges to 
some function t 1— > a{t) in C([— T, T]; ]R-|_) for any T > 0. Moreover, from 
Theorem 13. II we know that {un^} is bounded in Xj^y^^ and thus, up to the 

extraction of a subsequence, converges weakly to some v in X^/_^rl?^. 

Now, in ([18j. Lemmas 2 &: 3 ) it is proven that the nonlinear term of the 

modified Schrodinger equation introduced in [3]: 



A{u) := |npti ||n||?2tt 



(16) 



is continuous from {X^ 



1/2+,0n3 



into 



7/16,0 



equipped with their respective 



weak topology. We thus rewrite the Duhamel formulation for n„ in the 
following way : 



Unit) 



V{t)uo,n-i / Vit-t')AMt'))dt' 



+ 



V{t - t')fdt' 



(17) 
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Since Un^ ^ f in X^l"^^^ ^ C([-T, T]; L^(T)) and a„j^(-) a(-) in 

C{[-T,T];L^{T)), it follows that a„,(-)n„, ^ a{-)v in C([-r, T]; L2(T)). 
According to the continuity of the Duhamel operator from C{[—T, T]; L^(T)) 
into itself, the linear estimates ©-([I]), the continuity result on A for the 
weak topology and the above convergence results, we can pass to the limit 
to obtain that 

v{t) = V{t)uo-i [ V{t-t')A{v{t'))dt' 



Jo 

-- [ V{t-t'){a{t')v{t'))dt' [ V{t-t')v{t')dt' + [ V{t-t')fdt' 
71" Jo Jo Jo 

and V is solution of the following Cauchy problem on ] — T, T[: 



I 



vt + v^^ +-fv + iA{v) + -a(> = / in V'{] - T, T[xT) 

TT 

v{0) = no 



(18) 



Proceeding exactly as for the cubic Schrodinger equation, it is easy to prove 
that this Cauchy problem is globally well-posecu in H'^{T), s > 0, with a 
solution belonging for all T > to 

C([-r, T];H'{T))r\L'^{]-T,T[xT) 

with uniqueness in L'^(] - r,r[xT). Therefore, there exists only one pos- 
sible limit and thus the sequence and not only a subsequence of it, 
converges weakly to v in X^/^'^'^^ . Moreover, using the equation satisfied by 
the Un and the uniform bound in L°°(] - T,T[; L'^(T)) n L^(] - r,r[xT), 
it is easy to check that for any smooth 27r-periodic function (p, the family 
{t {un^{t), 4>)i2} is bounded in C([— 1, 1]) and uniformly equi-continuous 
on [—1,1]. Ascoli's theorem then ensures that {un^.,4>) converges to {v,(j)) 
on [-1,1] and thus u„^(i) ^ v{t) in L'^{T) for all t G [-1,1]. By direct 
iteration this clearly also holds for all t € M. 

Finally, according to (fTUD , v can be also characterized as the unique solution 
in L^(] -r,r[xT) to 



Vt +ivxx +'yv + i\v\'^v + ;^(«(-) - [[^^(OIlLa^'y = / 
v{0) = uo 



(19) 



^Note that the L^-norm is controlled on any bounded interval of " 
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4 Existence of the global attractor 



Let us denote by S{t) the nonlinear group associated with ([T|), i.e. 

S{t)uo ■■= u{t), t£R. 
On account of Theorem 11.31 and (jl3p . we infer that the ball of L^(T), 

X:= {.EL^(T),H,.(,)<Mo:=2^^} 

is a global absorbing set for the dynamical system under consideration and 
that S(t) acts continuously on X . To prove that there exists a global 
attractor it suffices to check the relative compactness in L^(T) of sequences 
of the type {S{tn)bn} with tn T +00 and {6„} C X. This is the aim of the 
following proposition. 

Proposition 4.1 For any sequences {bn} C X and {tn} T +00, the se- 
quence {S{tn)bn} has an adherence value in L^(T). 

Proof . We combine Theorem 1 1 . 31 with the famous J. Ball's argument (see [2], 
[22] . [IB]). Let {bn} C X and let {tn} be a sequence of positive real numbers 
that goes to infinity. From (jl3p the sequence {S{tn)bn} remains bounded 
in L^(T) and thus, up to the extraction of a subsequence, converges weakly 
in L^(T) to some vq. According to Theorem 11.31 there exists a subsequence 
{S {tnf,)bnf,} and a continuous function t 1— > a{t) from M to such that 
the solutions emanating from {S {tn,.bn^,)} converge weakly in L^(T) for all 
t G M to v(t) where v is the unique solution to 

vt + ivxx + i\v\'^v + - \\v{-)\\\2^v = f ^20) 

v{0) = Vq 

From (jl2p we infer that for r > fixed and large enough, 

\\S{tnk)bnJl2^j) = e-'^^''\\S{tn^-T)bnJl2^j)-2Re J J e'^'^'J S{tni,-s)bn^dsdx 

(21) 

where ||5'(t„j, — T)bnk\\'j^2(j-^ < Mq and, according to the weak convergence 
and the dominated convergence theorem. 



lim 2Re 



JT 



e-^^' f S{tn^-s)bnjxds = 2Re 



JT 



-'^^'fv{-s)dxds . 

(22) 
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On the other hand, using the energy identity for equation ([20|) , we get 

ll^o|li2(Tr) =e-2^ni^(-^)lli2(Tr) -2Re^"^e-2^7^^(-s)dxt^s. (23) 

But since S{tn^. — T)bn^, 'vi—T) in L2(T), it follows from ([13]) that 

lb(-r)||i2(Tr)<M2. 
Gathering the above three equalities, we thus infer that for any fixed r > 0, 
limsup||5(t„J6„J|2 2(^. < \\vo\\l2n)+2e-^'^^Ml (24) 

which ensures that S{tn^)bni. converges actually strongly to vq in L^(T). 
This completes the proof of Proposition 14.11 

Proposition 14. II ensures the existence of a compact global attractor in L^(T). 
More precisely, from classical arguments (see for instance the proof of The- 
orem 1.1 in [20]), it follows that the positively invariant connected closed 

set 

A:=u;iX) = f]\JS{t)X 

s>Ot>s 

is non-empty and attracts any bounded set of L^(T). The compactness of 
A follows as well. Indeed, let {a„} C A. Taking a sequence j +oo and 
setting bn = S{—tn)an, we get that a„ = S{tn)bn with {6„} C A C X and 
thus {an} has got an adherence point in L^(T). Finally, it is worth noticing 
that, by construction, A is also negatively invariant. 

5 Asymptotic smoothing effect 

In this section we prove that the global attractor lies actually in H'^[T) and 
is moreover compact in this space. Following the approach developed in 
|10j . we split the solution u{t) = S{t)uQ emanating from uq into two parts 



by setting 1 

Vt + ivxx + + i\v\'^v = f — iPi\f{\ufu) + iP^dv^v) (25) 
wt + iwxx + iw = —iQnUwI'^w — 2\w\'^u — w^u) —iQN{2\u^w + u^w) (26) 



^Recall that Pjv and Qn are the projections on respectively the spatial Fourier modes 
< TV and |fc| > iV. 
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with initial conditions 

v{0) = Pn{uo) and w{0) = Qn{uo) 



(27) 



Remark 5.1 Proceeding as for the equation (1^ it is easy to check that, 
u G Xy^^'^ and f E L^(T) being given, the Cauchy problems i25\) and I126\) 
are locally well-posed in L^(T). Hence, there exists a > and a unique 
solution V € X^l'^J^ of [2S\) and w € X^l'^J^ of [2^) . Actually we will see 
in this section that w G C {R+; L'^ (T)) and v € C H'^ {T)) . 

In [To], Goubet introduced this decomposition for the weakly damped KdV 
equation. A first step of his analysis consists in proving that the high fre- 
quency part w{t) is decreasing to in L^(T). This decay of ||t(;(t) ||j;^2(']r) 
, which is uniform for all uq in the absorbing ball, is obtained by using 
the dispersive damping effect on the high-high frequencies interactions that 
occurs for the nonlinear part of the KdV equation above H~^^'^{T). This 
is related to the fact that the associated Cauchy problem is well-posed in 
H^{T) for s > —1/2. For the cubic Schrodinger equation the situation is 
more delicate since as recalled in the introduction this equation is ill-posed 
in H^{T) for s < 0. Actually, due to some resonant parts in the nonlinear 
term, there is no damping effect on high-high-high interactions. To over- 
come this difficulty we will work directly on the global attractor and use in 
a crucial way that we already proved that it is compact in (T) . Note that 
the a priori compactness of the global attractor is not required in [TO] where 
the compactness of the attractor can be obtained as a consequence of the 
asymptotic behavior of v and w. 

The second step of the analysis in |10j consists in proving an uniform 
bound in H^(T) on V. This uniform estimate follows from an uniform bound 
in L^(T) on the time derivative vt of v. To get this last bound the author uses 
that, in view of the equation satisfied by v, the low frequencies PNVt belongs 
to any H^{T), s S M. We will not be able to use this approach here since 
for V G -^>^(T), Pj\i{\v\'^v) does not belong a priori to any H''{T). Inspired by 
|21j we will instead introduce the auxiliary function z := Qn{v — g), where 

g is defined by ^(A;) := zij^^, and prove that z is uniformly bounded in 
The key proposition to derive the regularity of the attractor is the following. 
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Proposition 5.2 There exist functions h and K : M^- M-|_ withlimt^-^-oo h{t) 
such that for all N > large enough and all uq A the function v and w 
constructed in [25\)-(27^ satisfy 



\Ht)\\LHT)<h{t) and\\v{t)\\H^T)<K{N) ,yteR+. (28) 

With Proposition 15.21 at hand it is straightforward to check that A is em- 
bedded in H'^{T). Indeed, let a G ^ and | +oo. For all n € N we can 
write a as 

a = S{tn)S{-tn)a = S{tn)bn 

with hn = S{—tn)a € A. From Proposition [5?2] it follows that, for any n e N, 
a can be decomposed as a = Vn+Wn with HfnU/facj) < K and ||wn||L2(Tr) — > 
as n — > +CO. Therefore a G H'^iT) and HoH/facj) < K. Hence, there exists 
IT > 0, such that the following uniform bound holds on the attractor : 

||a||jj2(Tr) <K , Va G ^. (29) 

5.1 Proof of Proposition 15.21 
5.1.1 Preliminaries 

The L^(T)-compactness of A ensures the following uniform bound on the 
L^(T)-norm of the high frequency part to the elements of A. 

Proposition 5.3 There exists a function e from M+ into itself that goes to 
zero at infinity such that 

WQNaWLHT) < e{N) , e A . (30) 

Thanks to this remark we will have to prove a damping effect only on terms 
of the form Pn/2UiPn/2'^2Q NU3. This is the aim of the following lemma : 

Lemma 5.4 Let I cM. be a bounded interval and let m G Xy^''^ , i = 1,2, 3. 
Then for e > small enough it holds 

3 

\\PN/2UlPN/2U2QNU3\\^^i/2+.fi < ^^""^^^^^^ H^j ||^i/2,o . (31) 

i=l 

Proof. We take extensions Vi of the Uj's such that ||fi|| ^1/20 < 2||tij|| 1/20- 
By duality we have to prove that 



sup 

ll_yl/2-E,0=l 



W,Pn/2ViPn/2V2QnV3)) ^^^^^^^ <N ^^^^^'Yl\\Vi\\xl/2.0 ■ 
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It thus suffices to estimate 

J= X] \u'{T,k)\\vi{Ti,ki)\\v2{T2,k2)\\v^iT3,k3)\dTidT2dT3 

wliere t = ri + T2 + T3 , k = ki + k2 + k^ and 

A{N) := {{ki,k2,k^) G Z^ \ki\ < N/2, \k2\ < N/2 and \k^\ > N] . 

To do tliis we will use the famous resonance relation for the Schrodinger 
equation. Setting a = t + k"^ , ai = ti + kl, 02 = T2 + k'2 and (J3 = T3 — /cg, 
it holds 

a - ai - a2 - = 2{k^ + ki){k^ + k2) . (32) 
This ensures that on x A{N), 

max(|cr|, \ai\, \(T2\, \d^\) > N^ . 

Therefore we get, thanks to ([7]) and Q, 

J < N-'/'+'^ [ W\'/'-^\Mr,k)\\a,\'/'\n{n,k,)\ 
W2\^^^\v2{t2, k2)\\a3\^^^\v^{T3, ks)\ dn dT2 drs 

< iV-l/4+2e|| ^-l(|ar/8-|^}|)||^4(i,,Tr)l|-^-'(l'^l'/'N)llL4(MxT) 

2 

nii^-'(kr/'i^~.i)iiL4(RxT) 

i=l 

3 

< N-^/''+^^w\\j,,/2-.,oYl\\vi\\xi/2,o . 

i=l 

This completes the proof of the lemma. 



We are now in position to prove the Proposition 15. 2i Let uq € ^ we 
decompose u(t) = S{t)uo by 

u{t) = v{t) + w{t) (33) 

where v and w are defined as in (|25 p -(|27 p . Note that ()26p can be rewritten 
as 

wt + iwxx + 'jw = -iQnUuI'^u) + iQN{\v\'^v) 
which clearly ensures that (1330 holds. 
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5.1.2 Decay in time of w 



From Theorem 13.11 pi|) and the fact that u belongs to the attractor, we 
know that for all t S R (recall that A is positively and negatively invariant 
by the flow), 

||n|Li/2+,o < Mo and |lQjvn|Li/2,o < £{N) . (34) 

Since u € X^l"^^^ for any T > 0, proceeding as in Theorem 13.11 it is easy 

to prove that the Cauchy problem for w is locally well-posed in L^(T) and 
thus w € C([— a, a]; L^(T)) for some a > 0. Moreover, proceeding as in the 
proof of Theorem 13.11 we get the following estimate on w for all t €.] — a, a[ 
and < 6 < min(|t — a|, \t + a\), 



l/2+,0 ^ 
^]t-S,t+Sl 



< llu;(t)||i2(Tr)+(5°"^ ||u;||^i/2+,o 



]t-S,t+S[ 



w 



'X- 



l/2+,0 
It-i5,t+i5[ 



+ u 



X, 



1/2+ 
]t-S,t+Sl 



+1 • 



(35) 

Assuming that ||'iy(i) ||l2(x) is bounded by some constant j4 > on [0,T] for 
some positive time T €]0, a[, we deduce that there exists 5o = 5o{A) > 
such that for < (5 < 5o small enough. 



liw|Li/2+,o < ||u'(t)|li2(Tr), Vte[0,T] 



(36) 



From now on, we fix < 5 < (5o such that (j36p holds. From this last 
inequality and dH) we infer that 



inf ||u;(r)||i2(Tr) > \\w{t)\\L2(^f), Vt G [0,T] . 
re]t,t+s[ ' ' 



(37) 



Multiplying (j26p with 2w and integrating over T we get 
d 



dV 



w 



\hiT) + HMh^j) < 2|^(2| 



1 2 2—\ — 

W] u — w u)w 



+2 



2 — 2 

U W 



(38) 



Integrating (jSSh with respect to time we obtain the following estimate for 
anyt G [0,r], 



mt + <5)||i2(Tr) < lk(t)lli2(T)e-^''-7 

.t+5 



t+S 



-yit+S-s) I 



\w{s)\\l2(^j) ds 



+2 
+2 



-7(m-s) / (2|ii;|2u-u'2ll)lZJds 



t+S 



(39) 
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From (j37p we infer that, 

rt+5 



-7 1 e-^(*+^-^)||^(.)|li.(^)ds<-C(l-e-^^)||^(t)||i.(^). (40) 

Let us estimate now the two last time integrals in ()39p . To do this we will 
extensively use that, following [11], for h G X^^^J^^"'^ and g £ Xjy^^"'° 
with < a « 1, it holds 



t+s 



--yit+S-s) 



/ h{s,x)g{s,x)dxds < C{5, 
Jt 



a 



l/2+a,0 ,,l/2 + a,0 

]t,t+i[ ^]t,t+S[ 



(41) 

Indeed, taking time extensions h and g h and 5 such that ||^||;^-i/2+a,o < 



2||ff|| 



]t,t+5[ 



,0 and ||/i||j(^i/2+<:«,o < 2||/i||^i/2+a,o, we have 



t+S 



,-7(t+<5-s) 



h{s, x)g{s, x)dx ds 



]t,t+S[ 



< 



R JT 



Hs,x)x[t,t+S]( 



g{s, x)dx ds 



o\\X[t,t+S]i 



~9\\ 



l/2-a,0 



with 



\\x[t,t+5Y 



-y{t+5- 



1x1/2-^,0 



< 



+ IIX[t,t+<5]e ^^^^"^ '*'*IIhi/2-<i I|5||l°°(R;L2(T)) 



IXl/2+a,0 

With dH]) at hand, we deduce from ^ and ([36]) that 

rt+S 



-At+s-s) / {2\w\^u-w'^u)wds 



T 

< ||(2|wpU - t(;^M)||^-l/2+,o||l«||,^l/2+,0 



]t.t+S[ 



IX. 



< 



< 



,0 ( \\w\\ v'l/2+,0 + l/2+,() ) 

5[ ^ "^]t,t+5[ ^]t,t+S[ / 

W^WI!i2(T)(lkWllL2(T) +Mo) 



l''i'll^l/2+ 



(42) 



To estimate the last time integral we split it into two parts in the following 
way: 



rt+S f 
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t+& 



+ 



e ^(*+^-^) {QN/2u{s)){QN/2u{s) + 2Pj„^u{s)){w{s)fds 

JT 

t+5 

JT 



{PN/2u{s)f{w{s)fds 



= hi + I22 ■ 
To estimate I21 we proceed as above and use 



(43) 



to get 



hi < II^ILi/2+,o||QAr/2'"|Li/2+,o|iw|iL/2+,o 

< MosiN/2)\\wit)\\l,^^y (44) 

Finally, to estimate I22 we use Lemma 15.41 (recall that w = Qnw) and (j36p 
to obtain 



h2 H 



{Pn/2v{s))'^w\\-^-i/2+,o\\w\\^i/2+,o 



]t,t+S[ 



]t,t+S[ 



< 

~ Ari/4 



^0 „ 1,2 

W\\ l/2+,0 



< 

~ iVl/4- 



(45) 



Gathering dMJ-dlS]) we thus infer that for all t G [0,T], 



Il2(t) 



< 



Ci [\\w{t)h2(^j){\\w{t)\\mT)+Mo)+Moe{N/2) + 
-C2(l-e-^'^)j||t.(t)||i2(Tr) . (46) 



Since w{0) = Qn{uq), according to Proposition 15.31 we can choose > 
large enough so that the right-hand side of the above inequality is negative 
at t = 0. By direct iteration in time and (j37l) we thus infer that 



\HmLHT) < e^^*lk(0)llL2{T) < e'^'\\QNUo\\L^(^j) < e-"e{N) , G [0,r] . 

(47) 

In particular, (i)llL2(T) is bounded hy A = C\\w{Q)\\]^2^j-^ on [0,T] and 
from the local well-posedness of (j26p we infer that w G C(M+;L^(T)) and 



that (j47p holds actually for any T > 0. This proves the first assertion of 
Proposition 15. 2i 
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5.1.3 Estimate on Qnv 

First since u = v + w we deduce from the preceding subsection that, for N 
large enough, v is well defined for all positive time and v G C(M+;L^(T)). 
Now, since by construction Pnv = Pnu and u belongs to the global attrac- 
tor, we get thanks to that 



\PNvm\m < \\PNu{t)\\H2 < C{N), Vt > 0. (48) 



It thus remains to control the high frequencies of v. Inspired by |21j we 
introduce the functions g and gj\f defined by 

di^) ■= -12 I — ^'^^ 9N ■■= QnQ (49) 
so that (77V satisfies the equation 

dtQN + idxx9N + IQN = QnI ■ 
Therefore, setting z := Qnv — Qn-, z = Qn^ and is solution of 



zt + izxx + 1Z + iQN{\v\^v) = 
^(0) = -QN 



(50) 



We plan to prove that z{t) is uniformly bounded in H'^iT) for positive times. 
We will need the following result on the behavior of qm with respect to A^. 

Lemma 5.5 G H'^{T) f\ X^^^^^^ and it holds 

\\gN\\m{T) + \\gN\\yi/2,i < e{N) (51) 

where £{N) ^0 as N ^ +00. 
Proof. It is clear that 

\\gN\\m{j) < WQNfh^iT) -^0 as N +00 . 
Let now G C^{] - 2, 2[) such that V = 1 on [-1, 1]. It holds 
\gN\\j^i/2,i_ < ||V'5'Af|lxi/2,i = ||(-r + /i;^)^/^(A;)7/;55v||L2(RxZ) 

< \\{'T)^^^i'\\L2(R)\\{k)gN\\L2(Z) + ML^R)\\{kf9N\\mZ) ^ \\9n\\h^T) ■ 



17 



This completes the proof of the lemma. 

It is worth noticing that combining ([30]) . ([5T|) . (f36|) and ([T7|) . there 

exists 5o > such that 



k(t)||L2{T) < e{N) and ||z|l^i/2+,o < Mq, Vt > 



(52) 



where £{N) ^ as — > +cx3. Therefore, taking /? > small enough, it 
holds 



\Z\\ 1/2.0 ^ 



2/3 

< WzW ^+^'^ 



111+2/5 <£'(N) 
^l/2+/3,0 rsj ^ V^* J 



lt-5o,t+i5o[ "^]t-«o,'+'5o[ 



(53) 



where e'{N) ^ as iV ^ +oo. 

According to the linear estimates dSI)-®, to prove that the equation ([50]) 
is globally well-posed in i?^(T), it suffices to prove the following estimate : 

1 /2+ 2 

Lemma 5.6 Assuming that z E ' for some time interval / C M with 

\I\ < 1. The following estimate holds : 



Qn{\v\\) 



X 



-l/2+e,2 



< 



C{N) + \\z\\^l/2+,2 



(54) 



Proof. We decompose t; as ?; = P/vn + z + (/at so that we have to estimate 
Qn { \Pnu + z + gN?{PNU + z + gN) 



l/2+(!,2 



Let us first estimate the expression containing g^ ^ i.e. terms of the form 

\QN'(9N'W\W2)\\x-^i 2+^,2 or \QN^\gNW2)\\^-^l2+.,2 with {wx,W2) G {gN,PNU,z}'^ . 



By the triangle inequality we can write 



HQ 



Ar(_3ArU;iU;2)|L-i/2+e,2 < ||<3Ar(5Ar1f i W2) |L-i/2+^,o + ||QAr(5Af-C'x^^^l^^2) |L-i/2+e,o 



+ \\QN{gNWlD,j,W2)\\^~i/2+.fi + \\QN[DlgNWiW2)\\^-i/2+e,o 



+ \\QN{gNDlgNW2) 



-l/2 + e,0 



(55) 



with (1^1,1^2) S {Pnu,z}. The terms containing no derivative on g]\f of the 
above right-hand side can be estimated thanks to ([71), ([5T|) and ([52|) by 

||(7Ar|| yi/2,o(||PAru|| yi/2,2 -|- ||z||^i/2,2 -|- H^at || ^1/2,0 ) (||-P/vn|| ^1/2,0 + H^H ;5^i/2,o + H^at || ,^1/2,0 ) 



< 



r2 at2 



'X 



xt 



e(iV)(Mo"iV" + Mo||z||^i/2,2 + e(A^)) 



(56) 
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For the terms that contains two derivatives on gi^ we write 

\\QN{Dl'g^WiW2)\\.^-i/2+,fi < \\gN\\m{T)\\wi\\LfL--(J)\\w2\\LfL^{T) 

< e{N){MiN^ + e{N)\\z\\ e{N)) . (57) 

The terms of the form \\QN{wgN'W2)\\ ^-1/2+^,2 can be treated exactly in the 
same way. It remains to consider the terms where is not involved. Prom 
IID and dSSD , 



|||zpz||^-i/2+.,2 < ||2;||^i/2,o 11^11^1/2,2 < e(iV)^||2;||^i/2,2, (58) 

and 

\\Pnu\z\'^\\j^-i/2+,,2 + ||-PArn2;^||^_i/2+E,2 

<\\Pnu\\ ^l/2,o\\z\\^l/2,o\\z\\ ^1/2,2 + ||^V'"||xl/2.2 lkllxl/2,0 

< e(iV)Mo||z|| ,.1/2.0 + N^MoeiN)N-^\\z\\ ^^,2,2 
<e(iV)Mo||z|Li/2,2 . (59) 

To deal with {Pj\[u)'^z we decompose it as 

{PNufz= {Qi^/2PNu){QN/2PNU + 2PN/2U)z + {PN/2ufz := A1+A2 . (60) 

Clearly, ^ yields 

Pi||^-i/2+.,2 <e(iV/2)Mo||z||^i/2,2 (61) 
and using Lemma 15.41 it is easy to check that 

\\A2\\x-i/2+.,2 < N-^/^Mi\\z\\ ^/2,2 . (62) 

Finally, 

\\\Pnu\'^z\\\x~1/2+c,2 < IIPaT-uII 1/2,0 IIPaT-uII 1/2,2 ||2;|Ll/2,0 + ||-PAf'u||ti/2,olklUi/2,2 

Aj Aj Aj Aj 

<Mi{N^N-^ + l)||z||^i/2,2 < m2||z||^i/2,2 (63) 

and 

II \Pnu\^Pnu\ ||^-i/2+.,2 < N^M^ . (64) 
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Gathering all the above estimates, (j54p follows. 

From the above lemma and ([S])-® we deduce that z G ■^\t-it^&[ ^'^y 
t > and any < (5 < (Jq. Moreover, it holds 

< lk(t)lk2(Tr)+C<50+(c(iV) + ||z||^i/2+,2 ). 
This ensures that for > small enough, 

ll^ll l/2+,2 < ||z(t)|lH2(T)+C^(A') • 



(65) 



We will proceed as in the preceding subsection. From now on we fix < 
(5 < (5o such that (|65p holds. As in (j37p . this implies that 



inf 

rG]t-(5,t+<5[ 



k(T)|lH2(T) > C||z(t)||^2(Tr) - C(iV), Vi > 



(66) 



On the other hand, taking the real part of the iif^(T) hermitian-product of 
([50]) with 2z, we get 



^11^11^2(1) + 27lkll|'2(T-) 



3? 



(67) 



Integrating with respect to time this implies the following estimate for any 
t > 0, 



\z{t + , 



l//2(T) 



<IU(^)llL.^^e-^^-7 



+2 



/f2(Tr)': 

t+5 



t+5 



-7(t+(5-s) I 



l//2(T) 



g -7(t+<5-s)c^ 



((Q^(|Ks)[\(s)),z(s))) 



//2 



(is 



C7(iV)-C||z(t)|||2(T) 



+2 



t+5 



-^(*+^"^)((|t;(s)|2^;(s),z(s)))^2dsl (68) 



To estimate the last term of the above right-hand side we decompose v as 
in Lemma \5M In view of (jlT]) and ([55|) - (j63|) to get the following estimate : 



t+s 



e-^('+'-^\{\v{s)\Ms),z{s)))H. ds] < C(iV) + e(iV)||z||^,/,+, 



(69) 



we only have to care about 

ft+5 



I 



-''^'+'-''>n\PNu{s)\^z{s),z{s))H2 ds 
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To deal with this term we decompose Q{{\Pnu{s)\'^z{s),z{s)))h'2 as 

%{\PNu\^Z,z))Hids J^(2d,{\PNu\'')d,Z + dl{\PNuf)zyiz 



: [ \PNu\^\dlz\' 



(70) 



z\ dx 



and notice that the last term vanishes. We thus get thanks to (j4T|l and (jTO|) . 



I^\\\Pnu\ i/2+,1 1/2+,1 + 

^]t-6,t+6[ ^]t-6,t+S[ 



2d,{\PNu\^)d,Z + dl{\PNu\^)z 



X, 



-l/2+,0 I 



<M^e{N)\\z\\ + (M^Ne{N)^/^\\z\\'/l,^,, + M^Nh{N))\\z\\ r/2+.2 



e{N)\\z\\l,,,^,, +C{N). 



]t-5,t+Sl 



Combining this last estimate with (j56p -(|63 p . (j69p follows. 
We thus infer that 



\z{t 



+Ci (e(iv) - C2{i - e-^')) Mmhm ■ (72) 



For N large enough the last term of the right-hand side is clearly negative 
and is bounded from above by 



-a \\z 



//2(T) 



for some small real number a > 0. This ensures that, taking > large 
enoug, there exists C{N) > such that 



|z(t) ||h2(t) <C(iV), Vt>0, 



(73) 



and thus on account of (|48|) . ([5T]) . ([65]) and the definition of z, there exists 
K{N) >0 such that 



\\v{t)\\H2^j^<K{N), yt>o. 
This completes the proof of Proposition 15.21 



(74) 



21 



5.2 Compactness in H'^(T) 

To prove the compactness in H'^{T), it suffices to show that 

\\z{t)\\H2(^j)<e{N), Vt>0. 



(75) 



Indeed, this wih imply the same estimate on v and thus on any a £ A 
which win clearly prove the i/^(T) compactness of A. For proving (j75p . we 
revisit Lemma [5.61 with (|29p at hand. It is then easy to check that the terms 
involving gj\f in Lemma \5M (see ([56]) - ([57|) ) can now be controlled by 

ll5Af||H2(T)(ll5Ar||j/2(T) + ||PArn||^^(^.j:^2(']r)) + ||^;||ioo(7.j:^2(Tr))) < e(A^)(|k||^l/2+,2+l ) . 

(76) 

and that (see ([70]) above) 



t+s 



"fi^+^-^)(\P^uis)\^zis),z{s) 



H2(T) 



ds 



^ \\\PNu\'^z\\L°°(\t,t+S[;m{T))\\z\\L°°i]t,t+5[;miT)) 



+ (\\dx{\PNu\'^)dxZ\\L'^Qt,t+5[;L2(J)) + II (l-^A^ '"P)^ {]t,m[;L2(T)) ) Ik IIl°° {]t,t+<5[;-f/2 (T)) 

~ ll-fWW'|lioo(]t^i+5[.^2(']r))(iV ^ + iV ^)lkllioo(]t_i+5[.^2(Tr)) 



< N ||z|| l/2+,2 . 



(77) 



To conclude we need the following estimate that we will prove hereafter. 



Qn{\Pnu\^Pnu 



-l/2+,2 
lt-l,t+l[ 



< 



e{N), Vt > 



(78) 



Proceeding as in the derivation of but with ([75|) - ([75|) at hand it is now 
easy to see that it actually holds 



t+5 



(Qn{\v{s)\Ms)), z{s))) ds] < e{N){l + Wzf.,,^,,) 



and thus 



\z{t + 6)\\H2^j)<\\z{t)\\H2^j)e~^' + e{N) 

+Ci(£(iV)-C2(l-e-^^))||z 



2 

//2(T) ■ 



(79) 



which proves (|75|) . 
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5.2.1 Proof of Estimate . 

Note first that due to the frequency projections it clearly holds 

Qn(\Pnu\'^PnQn/3U 



Qn(^\Pnu\'^Pnu 



< 



l/2+,2 



+ 



Qn[{Pnu) PnQn/3^ 



]t,t+S[ 



Therefore, on account of (p9|) it is easy to check that we have only to care 
about 



Qn( IPnuI'^OIPnQn/sU 



X, 



-l/2+,0 
lt-l,t+l[ 



+ 



QN{{PNuYd^PNQN/3U 



-l/2+,0 



(80) 

since (|78p is obvious for terms that involved less that two derivatives on 
Qn/3U- 

To bound (jSOp we will use that there exist C > such that for all t > 0, 
u — g & X^J_^^^'^-^r (see P9]) for the definition of g) with 



|^X-5|Ll/2+,2 <C. (81) 



Indeed from (173p and (j65p we know that for Nq > large enough there exists 
6 >0 and C(iVo) > such that 



\\QNo{v-g)\\^l/2+,2 =||Z|| l/2+,2 <C(iVo), Vt>0, 

1 /2+ 2 

and thus v — g is bounded in uniformly in t > 0. Now, pro- 

ceeding as in the proof of (p9]) we can decompose u as u = + Wn with 
||u;„||^cx)(]_]^^_,_(^[.^2(']i')) ^ as n — > oo and ||fn — 511^1/2+, 2 < C for all t > 0. 

We thus infer that 

weakly star in L°°{]t -l,t + 1[;L'^{T)) 



and thus 



Vn-g^u-gm X'^-^. 



which proves (1811) . 

Now, on account of Lemma 15.51 it clearly holds 



Qn (\PNu\^dlPNQN/3g 



X, 



-l/2+,0 
lt-l,t+l[ 



+ 



QN[(.PNufd^,PNQN/39) 



X, 



-l/2+,0 
t-l.t+ll 
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^ \\Qn/39\\h^\\Pnu\\lo.(^^^.h^j)) ^^(^) • 
It thus remains to estimate 

2^2 



Qn[\Pnu\ d^PNQN/siu-g) 



-l/2+,0 
]t-l,t+l[ 



QnUPnu) d^PNQN/siu- g) 



y-l/2+.O 
^]t-l,t+ll 



We take extensions 6 = PjyO of Pnu and = Q^/^Pnt^ of Q^/^Pn{u — g) 

such that ||e||jfi/2,o < 2||P^7/|| 1/2,0 and ||i?||^i/2,2 < 2||Q^/3P^t?|| 1/2,2 . 

"^]t-i,t+i[ ^lt-i,t+i[ 

By duahty it suffices to prove that for e > small enough, 



sup 

llxl/2-e,0 = 



h,QN{\e\''dl{}) 



L2 



+ 



L2 



< 



^(A^)ll^llxl/2.oll^llxl/2.2 



and thus to estimate 



J:=l Yl \Hr,mkn,kl)mT2,k2)\\k3\''\d{T3,h)\dndT2dTs 

{ki,k2,k3)(^A{N) 

+ 1 Yl feA:)||^(ri,A;i)||^(r2,A;2)||A;3pRr3,A;3)|dTi(ir2dT3 

{ki,k2,k3)&A{N) 



where t = ri + T2 + T3 , k = ki + k2 + and 

^(iV) := {{ki,k2,k3) G Z^ \ki\ <Niovie {1,2,3}, |A:3| > N/3, N < \ki+k2+k3\ < 

On X j4(A^), the resonance relation ()32p clearly yields 

max(|a|, 1ct2|, l^sl) > \{ki + A;3)(/i:2 + A;3)| > , 

where o" = r + A;^, ai = ri + A;^, cr2 = r2 + fe^ and = — k'^. Moreover, 
noticing that ki + k2 ^ on A{N), we infer that 

max(|cr|, [cri[, |a-2|, [cJsl) > \{ki + /i;2)(^3 + ^2)! > , 

where a2 = T2 — fc^ and (T3 = T3 + /C3 . Therefore proceeding as in the proof 
of Lemma 15.41 we obtain 



j<Ar-i/8+^||/,||^,/,_,,„JJ 



Xl/2,0l|L'IIXl/2-,2 



1=1 
Xl/2-e,0 , 



which completes the proof of ([78 
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